The intricate three-dimensional geometries of protein tertiary structures underlie protein 2 function and emerge through a folding process from one-dimensional chains of amino acids. The exact 3 spatial sequence and configuration of amino acids, the biochemical environment and the temporal sequence 4 of distinct interactions yield a complex folding process that cannot yet be easily tracked for all proteins. 5 To gain qualitative insights into the fundamental mechanisms behind the folding dynamics and generic 6 features of the folded structure, we propose a simple model of structure formation that takes into account 7 only fundamental geometric constraints and otherwise assumes randomly paired connections. We find that 8 despite its simplicity, the model results in a network ensemble consistent with key overall features of the 9 ensemble of Protein Residue Networks we obtained from more than 1000 biological protein geometries as 10 available through the Protein Data Base. Specifically, the distribution of the number of interaction neighbors 11 a unit (amino acid) has, the scaling of the structure's spatial extent with chain length, the eigenvalue spectrum 12 and the scaling of the smallest relaxation time with chain length are all consistent between model and real 13 proteins. These results indicate that geometric constraints alone may already account for a number of 14 generic features of protein tertiary structures. Author summary 27 How proteins fold constitutes one of the most persistent, broad, and exciting open research questions at the 28 intersection of biology, chemistry, and physics. Which mechanisms induce a one-dimensional sequence of 29 amino acids to form into a complex three-dimensional (3D) structure? Proteins in their active 3D structure 30 impact most of the basic processes inside cells, including gene regulation, cell metabolism, and the creation 31 of protein structures themselves. Yet, a general rule about which conditions lead to which specific 3D protein 32 structures remains unknown to date. 33 Here, we demonstrate how a simple model that takes only fundamental geometric constraints into 34 account and otherwise assumes randomly paired connections, naturally generates an ensemble of folded 35 structures that exhibits many of its coarse scale features consistent with those of protein residue networks 36 resulting from tertiary structures of biological proteins. Specifically, we tested a set of more than 1000 37 biological proteins and model structures and extracted a range of ensemble properties, including the spatial 38 extension with chain size, the distribution of the number of interacting neighbors in the folded structure, the 39 spectrum of Laplacian eigenvalues, and the distribution of the dominant non-trivial eigenvalue. We found 40 1 of 14
Introduction 48 Proteins consist of sequences of amino acids. The resulting primary structure of a protein, is expected to 49 provide constraints for the folded three-dimensional (3D) structure of a globular protein, its tertiary structure. 50 The problem of predicting the 3D structure of an amino acid sequence in an aqueous solution is known as 51 the protein folding problem consisting of three sub-problems: First, to find the chemically active folded state; 52 second, to uncover the pathway to get to that state; and third, to develop computational tools capable of 53 accurately predicting the folded state [10, 18, 20, [31] [32] [33] . Many different avenues have been taken to explore 54 solutions towards this problem, ranging from atomistic models using molecular dynamics approaches [36] , 55 to coarse grained models e.g [6] , and to machine learning-based and heuristic physical models that disregard 56 the atomistic details of the amino acid sequence [5, 9] . While much progress has been made improving 57 molecular dynamics simulations using atomistic detail, the folding process of long chains is computationally 58 highly expensive or even infeasible, and still requires access to purpose build massively parallel computers 59 such as Anton [34] , or distributed computing projects such as folding@home in order to generate quantitative 60 data [35] . The other avenue often explored for structure models is tested in community-wide challenges 61 such as the 'Critical Assessment of Protein Structure Prediction' (CASP) [24] [25] [26] . CASP is run every other 62 year to see if a protein's tertiary structure can be predicted based on its primary sequence of protein 63 structures unresolved at the time of the challenge [Ogorzalek et al.] . Predictions have improved drastically 64 over previous CASP challenges [10] , however, often rely on existing structural information in the protein 65 data base (PDB) and homology modelling, comparing new proteins based on existing insights from known 66 template proteins using computational models such as HHPred [4] or I-TASSER [41] . These approaches 67 support accurate prediction of 3D structures, yet by construction limit insights into fundamental physical 68 mechanisms and constraints underlying the folding processes and final structures observed in the many 69 and various proteins observed in nature. 70 Here, we propose a complementary approach to further understand geometry and formation processes 71 of 3D tertiary structures from chain-like primary protein structures without comparing to specifically chosen 72 protein structures available on the PDB, and without using complex molecular dynamics simulations. First, we 73 analyze 1122 protein structures from the PDB, consider them as an ensemble of protein tertiary structures, 74 and quantify overall properties of this ensemble. In particular we (i) uncover the scaling of the diameter only on such random monomer interactions and geometric constraints, akin to those in Lennard-Jones 83 clusters and sticky hard spheres [37, 38] , the 3D structures self-organizing through the simple model process 84 are consistent with those of real protein ensembles in all of the above-mentioned features simultaneously. 85 These results suggest that beyond the details of pairwise interaction of amino acids, from intermediate 86 scales of a few amino acids to the full spatial extent of proteins, geometric constraints play an important role 87 in structure formation and strongly impact the final protein tertiary structure. Our insights may put into 88 perspective the influence of the specific details of sequences of amino acids relative to simpler geometric 89 constraints on structure forming processes of proteins. 90 
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Results
91
Ensemble analysis of Protein Residue Networks
92
With their modular polymer structure and their complex interaction patterns, proteins lend themselves 93 naturally to a description as ensembles of complex networks. The mathematical object of a graph, simply 94 termed network, represents a structure of nodes (units) and links, each describing an interaction between 95 two units [1, 3, 27] . Networks and graphs have been used to describe the structure of a wide variety of 96 systems, as different as social networks [15, 40] and the global climate system [12, 22] . In this article, we to be a node and a link represents the interaction of two nodes if their spatial distance is small, i.e. less than 104 a distance apart. 105 Here, the distance between the amino acids indexed and is given by the Euclidean distance metric 
The threshold of the PRN is commonly chosen between = 4 Å, the typical length of a covalent bond, and The average degree ⟨ ⟩ grows with and appears to saturate at a value determined by . The ratio of 116 this cutoff threshold and the unit size in the model, which we take half their mean distance, constitutes 117 the only free structural parameter we employ in the current study. The degree distribution of the resulting 118 network ensemble, displayed in Fig. 1b , is unimodal and covers effective degrees between = 2 and = 11. been approximately mapped to purely graph-theoretic constraints during network formation [23]. 149 As described in the method section, the process of moving spheres towards each other is realized in a 150 simple consistent way to satisfy all geometric constraints continuously in time. The forces and potentials 151 employed, however, are not intended to reflect any physical forces or potentials created by amino acids. 152 They plainly help to realize to attempt the joining of two randomly selected spheres. 153 Snapshots of the folding process are illustrated in Fig. 2 , three examples of the final aggregates in Fig. 3 . 154 The aggregates are highly compact compared to the straight initial conditions. They are also much more 155 compact than aggregates generated from self-avoiding random walks and close to, yet not quite maximally 156 densely packed (see below), consistent with previous suggestions based on 2D aggregates [23].
157 Spatial scaling of protein structures 158 The ensemble of protein tertiary structures exhibits an algebraic scaling law indicating that their radii of 159 gyration depend on their chain length such that:
as expected from a number of previous studies [7, 17, 21, 23]. As the overall geometry of a folded protein is 161 often characterized by the locations of the central carbon atoms ( -atoms, one for each amino acid) of its 162 backbone chain, its spatial extension is commonly measured by the radius of gyration
quantifying the average distance of units from the center of mass̄ , where is the location of unit ∈ 164 {1, … , }. Our previous study [23] revealed that the scaling law indeed is algebraic and that the exponent 165 is (slightly) larger than for space filling aggregates (where SF = 1 3 = 0.3333 … in 3D) yet (far) smaller than 166 for aggregates created through a self-avoiding random walk (where RW = 3 5 = 0.6 in 3D). That study found 167 = 0.3916 ± 0.0008 for 37162 proteins. For our smaller data set of 1122 proteins, we find = 0.374 ± 0.03, 168 see Fig. 4 for illustration. 169 To compare the spatial extent of model aggregates, i.e. graph-theoretically defined networks of spheres, 170 to biological proteins on the same footing, we first study how the network diameter compares to the 171 radius of gyration defined through Eq.
(3). The graph diameter is defined as the maximum number of links 172 to be taken on the shortest link sequence (also referred to as shortest simple paths) between any pair of 173 units in the PRN. We find that is strongly linearly correlated with the spatial extent of the PRN, Fig. 4 . 174 Both the ensemble of biological proteins and the model ensembles studied exhibit a roughly proportional 175 dependence of + 1 on , with the slope obtained from the model data ( = 0.777 Å −1 ) being lower and 176 more precisely determined than that obtained for the PRNs ( = 0.942 Å −1 ). As proportionality factors do 177 not affect the scaling, we thus also find 179 With the cutoff distance for the creation of networks chosen to be = 6.5 Å the resulting average link 180 length in the biological proteins becomes ≈ 5.066 Å, which in Fig. 4 we substituted for the unit length 181 of our model simulations. In the PRNs the network diameters are more dispersed. The lower bound of 182 the experimental data fits well with the simulated structures, suggesting geometric constraints as a major 183 driving mechanism influencing the spatial density during network formation. PRNs. For comparison, we computed 28 simulated structures (black), that fall in the same length range. 209 Both eigenvalue spectra exhibit a characteristic unimodal shape. The simulated structures have a more 210 symmetric, slightly broader spectrum with a peak at ≈ 7, while the PRN's have a slightly sharper peak at While this approach does not yield direct predictive power to find the native state of a specific sequence it 228 may narrow down the landscape of possibilities. 229 We find that geometrically constrained random linking already leads to strong similarities of the resulting 230 structures with protein residue networks in biology. Generalizing a 2D model of purely graph-theoretical 231 network formation presented in [23] to 3D, the model is based upon random link additions with geometric 232 constraints. As the topological shortcut is no longer possible, the geometric constraints are simulated directly. 233 The simulation results were then compared to protein residue networks (PRN's) Simulation method of the geometric constraint protein model 258 We have simulated the process modifying the chain geometry in 3D and tested the geometric constraints 259 according to an algorithm consisting of repeated cycles of: 
where is a normalization constant and is the bending angle at the th unit of the chain, defined as the 285 angle between the adjacent tangential vectors through the scalar (dot) product cos = ( − −1 ) ⋅ ( +1 − ), 286 noting that the sphere diameter equals unity. Initially, generated chains were rejected if any constraint was 287 violated. The prefactor can be interpreted as bending stiffness and determines the persistence length of 288 the initial chains. It was set to = 5 such that initial chains are slightly bent (See Fig. 2 for an example). 289 During a cycle started by selecting the spheres * and * to be pulled together, we monitored their 290 decreasing distance * , * . As soon as * , * ≤ 1, the cycle is considered successful and a new link is formed. 291 We have also periodically checked at intervals Δ whether * , * has shrunk by less than a threshold distance 292 Δ = Δ × × 2∕( ∕2). If this is the case, the cycle is discarded as unsuccessful, because the pair of 293 units cannot make contact due to geometric constraints. The configuration at the beginning of that cycle 294 is then restored. The last factor in Δ is the relative velocity of the spheres * and * in case both -in 295 order to move -have to drag half the other spheres ( ∕2) along. This lower velocity threshold was further 296 decreased by introducing the factor = 0.3 because the final chain statistics weakly varied for larger values 297 but remained the same for smaller values. We have found Δ = 0.15 to be small enough in order not to 298 waste computational time on unsuccessful cycles, but large enough to not abort cycles in which * , * shrinks 299 slowly only temporarily. 300 The excluded volume forces are nonzero only for pairs of spheres whose distance is less than one. To 301 speed up the simulation, they were only evaluated for spheres that are elements of each others neighbor list 302 listing all spheres within a distance 1 + . We initially generated these lists, then integrated the maximum 303 velocity of all spheres over time and updated the neighbor lists whenever the resulting value exceeded . 304 The value = 0. in their PDB entry. Each PDB was then processed with a custom python script that would count the number 311 of C-atoms found in the structure and order the PDB IDs according to the length of the protein chain. 312 Then from this ordered list every 10th protein was picked, ensuring a good spread of length distributions, 313 a good sample size while also keeping computations easily doable on a workstation. For NMR structures 314 the first structure in the PDB entry was chosen. C-coordinates were then extracted for each protein using 315 MDAnalysis [19, 30] , from which protein residue contact networks were computed using a cutoff distance of 316 = 6.5 Å. The adjacency matrix PDB was populated according to equation 1. This allows the comparison of 317 the computationally generated adjacency matrix to the PRN generated one. For the network measures and 318 manipulations NetworkX [16] was used. 319 All simulation details, including the code for reproducing the geometric constraint simulations, as 320 well as the preparation and analysis of PDB files can be found in the following github repository: https: Eq. 4 with the chain length. The model results coincide with the lower bound of measured results, which we attribute to the fact that we fold maximally. (b) Matching the proportional scaling relation between graph diameter and radius of gyration ( Fig. 4 ) yields scaling relations between aggregate extent and chain length to be statistically indistinguishable between model and real proteins. For both panels, we simulated 30 random dynamic realizations each for 48 aggregate lengths with logarithmically spaced between = 3 to = 398. The data displayed shows the network diameter averaged across realizations as a function of chain length.
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